We present a phase aberration correction method based on the correlation between the complex full-field and guide-star holograms in the context of digital holographic adaptive optics (DHAO). Removal of a global quadratic phase term before the correlation operation plays an important role in the correction. Correlation operation can remove the phase aberration at the entrance pupil plane and automatically refocus the corrected optical field. Except for the assumption that most aberrations lie at or close to the entrance pupil, the presented method does not impose any other constraints on the optical systems. Thus, it greatly enhances the flexibility of the optical design for DHAO systems in vision science and microscopy. Theoretical studies show that the previously proposed Fourier transform DHAO (FTDHAO) is just a special case of this general correction method, where the global quadratic phase term and a defocus term disappear. Hence, this correction method realizes the generalization of FTDHAO into arbitrary DHAO systems. The effectiveness and robustness of this method are demonstrated by simulations and experiments.
Introduction
Adaptive optics (AO) was initially presented to eliminate or alleviate the image distortion due to the atmospheric turbulence in astronomy [1] . Nowadays, AO has become necessary for most of major groundbased telescopes [2, 3] . Similar to the ground-based telescopes, the human eye also suffers from many monochromatic aberrations. In 1994, the ShackHartmann wavefront sensor used in astronomy was first adopted to measure the ocular aberrations of the human eyes by Bille's group [4] . The first AO system for vision science was assembled by Liang et al. in 1997 [5] . Using this system, the retinal images at the cellular scale were obtained. Since that time, AO in vision science has seen rapid growth with more and more systems being developed [6] [7] [8] [9] [10] [11] . AO has also demonstrated success in microscopy [12] . The aberrations induced by variations of refractive index through the sample can be reduced through the AO system [13] . A typical AO system includes several critical hardware pieces: deformable mirror, lenslet array, and a second CCD camera in addition to the camera for imaging. A novel AO system was recently proposed to replace these hardware components with numerical processing for wavefront measurement and compensation of aberration through the principles of digital holography [14] [15] [16] [17] [18] [19] .
In the original digital holographic adaptive optics (DHAO) system, the CCD was put in the image plane of the pupil [14] . Although we can obtain a direct measurement of the wavefront at the pupil, the imaging lens other than the eye lens will introduce spherical curvature that has to be removed by additional matching lens in the reference beam. Also, the correct guide-star hologram is difficult to obtain. To get a focused image, numerical propagation is necessary.
To address these issues, Fourier transform DHAO (FTDHAO) system was proposed [20] . The CCD was put at the Fourier transform (FT) plane of the pupil, instead of the image plane. No spherical curvature was induced by the imaging lens. The CCD could directly record the point spread function (PSF) of the system, facilitating the determination of the correct guide-star hologram. In addition, with some modifications, low coherence or even incoherent light source may be incorporated [21] [22] [23] [24] [25] [26] . Notwithstanding these advantages over the original DHAO, the correction method in FTDHAO has significant constraint in the optical configuration. In this paper, we present a more general and flexible correction method. FTDHAO becomes a special case of this generalized method. It is realized through the correlation between the complex full-field hologram and the guide-star hologram after removal of a global quadratic phase term. This correlation operation can eliminate both the aberration at the entrance pupil and the defocus term, obtaining a corrected and focused image, no matter where the CCD is placed. Except for the assumption that the optical aberrations mainly lie at or close to the pupil plane, the correlation method does not set any other requirement on the optical system. Therefore, it will greatly improve the flexibility of the optical design for AO in vision science and microscopy. The correlation method cannot only maintain the merits possessed by FTDHAO, but also can be applied for any DHAO systems. It is worth noting that a similar method was used in incoherent DHAO [23, 24] . However, in principle, it is different from the method presented in this paper. Correlation operation used in incoherent DHAO results in corrected intensity instead of corrected complex amplitude. The observations on the global phase term and the defocus term presented in this paper were not shown in the method for incoherent DHAO [23, 24] . Section 2 presents a detailed mathematical description of this correction method. In this section, the sampling requirements are also discussed. In Section 3, three simulation examples are given. Corresponding to the simulations, the experiments are described and discussed in Section 4. The major conclusions are summarized in Section 5.
Principles
A typical DHAO process includes phase aberration measurement, full-field imaging, and image correction. The phase aberration is retrieved from a guidestar hologram while the full-field image is obtained from a full-field hologram that is distorted by the aberration. The image is recovered by removing the measured phase aberration from the distorted full-field image [14, 20] . In this paper, we treat the correction from a different point of view by taking correlation of the complex full-field hologram with the complex guide-star hologram. Although the derivation is based on a two-lens system, the generalization of the conclusion to arbitrary optical systems is straightforward. The coordinates adopted for this two-lens system are illustrated in Fig. 1 . For the purpose of brevity, one dimension is adopted in the derivation. Assume the pupil of the lens L1 is the entrance pupil of the system. The aberrationfree pupil function is represented by Px 1 , and the phase aberration at the pupil is denoted by Φx 1 . The focal lengths of the lens L1 and L2 are f 1 and f 2 , respectively. Distances d 1 , d 2 , and d 3 are as defined in Fig. 1 . The amplitude PSF of this system is given by where a prefactor is dropped. Ax 0 is the strength of the point source at x 0 of the sample plane, and λ is the wavelength of the illumination. To simplify Eq. (1), we define β and γ as
To further simplify Eq. (3), we define the general pupil function as
where
which is the defocus term of the system. The defocus term becomes unity if the CCD is at image plane of the sample. Now, Eq. (1) can be simplified as
× exp jπ
where FT denotes Fourier transform. The complex amplitude of the optical field of an extended object at the CCD plane is obtained by superposition of the amplitude PSF of all the source points, which is given by
where Φ q x 3 is given by
This quadratic phase term appears outside the integrals in Eqs. (6) and (8). It plays a crucial role in the image correction, as will be validated in the following two sections. From the guide-star hologram, we can obtain the amplitude PSF given by Eq. (6). Removing Φ q x 3 from the amplitude PSF and setting the source point at origin, we can obtain a modified amplitude PSF, as follows:
Similarly, a modified field of the extended object can be obtained from the full-field hologram and numerical removal of the quadratic phase term Φ q x 3 , as follows:
Correlating this modified field with the modified amplitude PSF given by Eq. (10), we have
where ⊗ denotes correlation. According to the definition in Eq. (7), we have
and
Plugging Eqs. (13) and (14) into Eq. (12), the correlation operation results in
From Eq. (15), the correlation operation removes both the aberration term Φx 1 and the defocus term Φ d x 1 , obtaining a corrected and focused image no matter where the CCD is put. The magnification of this corrected image is given by −d 2 d 3 ∕γd 1 . Although our derivation is based on a two-lens system, the conclusion thus rendered can be generalized to any optical system. The difference lies in the specific expressions for the defocus term Φ d x 1 and the global quadratic phase term Φ q x 3 . According to the convolution theorem, Eq. (15) can be implemented by
where IFT denotes the inverse Fourier transform. Ox 3 and Gx 3 can be obtained through off-axis holography [14] [15] [16] [17] [18] [19] . Eliminating the quadratic phase term Φ q x 3 from Ox 3 and Gx 3 , we can get O 1 x 3 and G 1 x 3 . To achieve the fields O 1 x 3 and G 1 x 3 correctly, the sampling requirements have to be taken into account. Taking FT of the amplitude PSF of the source point at origin, we have
where ⊙ denotes the convolution operation and f x is the spatial frequency in the horizontal direction,
Expanding Eq. (17), it becomes the spectrum of a finite chirp function. The width of this spectrum can estimated as that of the general pupil function [17, 27, 28] . Because the sampling requirement for the one-dimensional case is different from that for the two-dimensional case, let us now consider the two-dimensional case. If the CCD has M × N square pixels with side length Δx 3 , then the sampling spacings of the spatial frequency along the horizontal and vertical dimensions are given by
Then the sampling spacings on two dimensions at the pupil plane are given by [18, 19] Δx
Assume the diameter of a round pupil is D that is estimated as the width of the image order of the hologram, and the width of zero-order of the hologram is twice that of the image order. To recover the optical field at the pupil plane, the pupil size D has to satisfy [29] D
Finally, it is worth mentioning that a special case of the correlation method is FTDHAO, where d 2 and d 3 are equal to f 2 [20] . Then Eq. (21) evolves into the expression for the sampling requirement in FTDHAO.
Simulations
In the simulations, the focal lengths, f 1 and f 2 , of the lens L1 and L2 are set to be 25 and 200 mm, respectively. We set d 1 , the distance between the sample and the lens L1, to be 25 mm. The group 4 elements 2-5 of USAF1951 resolution target are used to simulate the amplitude of the sample, as shown by Fig. 2(a) . The field of view is 780 μm × 780 μm. The pixel pitch is 3.9 μm. A random phase noise ranging from −π to π simulates the phase distribution of the sample, as illustrated by Fig. 2(b) . All the phase profiles throughout this paper are displayed in blue-white-red color map that corresponds to −π; π. Fig. 2 . Figure 2(c) is the undistorted but defocused field at the CCD plane when no aberration is added at the pupil plane. The sampling spacing of the spatial frequency in either direction is 0.031 line pairs/mm. For the purpose of comparison, we propagate it to the image plane. The undistorted focused image is shown in Fig. 2(d) . Figure 2 (e) shows the simulated phase aberration Φ added at the pupil plane, which is given by two sixthorder Zernike polynomials 4πZ distorted field at the pupil, which contains both the added aberration Φ and the defocus term Φ d , as shown in Fig. 2(h) . The spatial sampling spacing of this distorted field is 21 μm. From the guide-star hologram, the amplitude PSF of the system is obtained, which is shown in Fig. 2(i) . The general pupil function that is the FT of the amplitude PSF is shown in Fig. 2(j) . The root mean square (RMS) measurement error of the phase of the general pupil function is 0.97 rad that corresponding to about 0.15 wavelengths. Subtracting Fig. 2(j) from Fig. 2(h) , we can get the corrected field at the pupil, which is given by Fig. 2(k) . As described by Eq. (16), the corrected image can be obtained by taking IFT of Fig. 2(k) , which is shown in Fig. 2(l) . Compared to the defocused and distorted field in Fig. 2(f) , the correlation operation eliminates the aberration and meanwhile automatically focuses the corrected field. In the second case, d 2 is set to be 300 mm and d 3 to be 200 mm. The defocus term Φ d becomes unity, which signifies the CCD is at the image plane of the sample. However, in this scheme, the global quadratic phase term Φ q is not unity, which is given by Eq. (9). The simulation results are shown in Fig. 3 . The baseline image, without aberration in place, is shown in Fig. 3(a) . Figure 3(b) shows the image distorted by the aberration Φ illustrated in Fig. 2(e) . Figure 3(c) shows the affected field at the pupil. The amplitude PSF of this system is shown in Fig. 3(d) . The measured aberration at the pupil is given by Fig. 3(e) . The RMS measurement error of the phase of the general pupil function is 0.91 rad that corresponding to about 0.14 wavelengths. Figure 3(f) illustrates the corrected image that shows remarkable improvement in resolution and quality, compared to the distorted image in Fig. 3(b) . In this case, removal of the quadratic phase term Φ q before the correlation operation is found to be of significance in the correction. The effect of this term on the corrected image is shown in Fig. 4. Figure 4(a) shows the measured aberration at the pupil when Φ q is not eliminated before the correlation operation, and Fig. 4(c) illustrates the corresponding corrected image, which is much degraded compared to Fig. 3(f) , that is obtained with Φ q removed. If Φ q is partially removed, the recovered image becomes better, compared to that with Φ q untreated. Figure 4(b) shows the measured aberration at the pupil when Φ q is partially eliminated, and Fig. 4(d) shows the corresponding corrected image.
The third simulation sample demonstrates a general case where both Φ q and Φ d exist. In this case, we set d 2 to be 300 mm and d 3 to be 150 mm. The simulation results are shown in Fig. 5 . Figure 5(a) shows the distorted full field at the CCD plane that is defocused and distorted. Note that the quadratic phase term Φ q has been eliminated. The focused but distorted image is shown in Fig. 5(b) . The distorted field at the pupil is given by Fig. 5(c) , which includes the added aberration Φ and defocus term Φ d . The amplitude PSF of this system is shown in Fig. 5(d) . Again, the quadratic phase term Φ q has been eliminated. Fig. 5(f) . The resolution is completely recovered and the defocus is eliminated.
Experimental Results and Discussions
The schematic diagram of the experimental setup is illustrated in Fig. 6 . The focal length f 1 of the lens L1 is 25 mm. S represents the sample plane that is at the back focal plane of eye lens E. Hence, d 1 equals 25 mm. The phase aberrator A is close to the pupil of the lens L1. The focal length f 2 of L2 is 200 mm. The CCD has 1024 × 768 pixels with the pixel pitch 6.45 μm. In our experiments, He-Ne laser is used as light source. The sample under test is a positive USAF 1951 resolution target with a piece of Teflon tape tightly attached behind. The specular reflection is blocked by the pupil whose size is set to be 5 mm in diameter, and the CCD receives the diffuse scattered light from the Teflon tape. A piece of clear broken glass serves as the phase aberrator. The Lens L3 is inserted for full-field illumination. Corresponding to the three simulation cases, we present three experimental examples by choosing different values of d 2 and d 3 . In the first example, we set d 2 to be 200 mm and d 3 to be 150 mm, which indicates the CCD is at a defocus plane of the sample. The defocus term Φ d is calculated by Eq. (5). According to Eq. (9), the quadratic phase term Φ q becomes unity. A set of image data is shown in Fig. 7 . The field of view on the sample plane is 594 μm × 445 μm. The full-field hologram, without the aberrator in place, is shown in Fig. 7(a) . By the holographic process, the complex optical field at the CCD plane can be achieved, which is shown in Fig. 7(b) [15] [16] [17] [18] [19] . The sampling spacing of the spatial frequency at the CCD plane is 0.037 line pairs/mm in either direction, according to Eq. (19) . Taking FT of this field, the full optical field at the pupil is obtained, as shown in Fig. 7(c) . According to Eq. (20) , the spatial sampling spacings along the horizontal and vertical directions are 27 and 35 μm, respectively. For the purpose of comparison, we propagate this defocused field at the CCD plane illustrated by Fig. 7(b) to the image plane, and obtain the undistorted focused image shown in Fig. 7(d) , serving as a baseline. The distorted full-field hologram is shown in Fig. 7(e) , from which we can get the distorted and defocused field at the CCD plane, as shown in Fig. 7(f) . The distorted full field at the pupil is shown in Fig. 7(g) , which contains the added aberration and the defocus term. Figure 7(h) is the distorted image. The guide-star hologram is shown in Fig. 7(i) , from which we obtain the amplitude PSF of the system that is illustrated by Fig. 7(j) . field at the pupil. As described by Eq. (16), the corrected image can be obtained by taking IFT of this corrected field, which is shown in Fig. 7(l) . Compared to the defocused and distorted field in Fig. 7(f) , the correlation operation eliminates both the aberration and the defocus term.
In the second example, we set d 2 to be 150 mm and d 3 to be 200 mm, which indicates the CCD is at the image plane of the sample. The defocus term Φ d disappears while the quadratic phase term Φ q exists. Figure 8(a) shows the baseline image. The distorted image is illustrated by Fig. 8(b) . Figure 8(c) shows the distorted full field at the pupil. The amplitude PSF of the system is illustrated by Fig. 8(d) . Figure 8 (e) is the measured aberration at the pupil. The recovered image is shown in Fig. 8(f) . The resolution and contrast are almost completely recovered. Note that the quadratic phase term Φ q has to be removed before the correlation operation. The effect of this term on the corrected image is also demonstrated in this example, shown in Fig. 9 . Figure 9 (a) shows the measured aberration at the pupil when Φ q is not eliminated before the correlation operation, and Fig. 9(c) shows corresponding corrected image, which is rather blurred compared to Fig. 8(f) . When Φ q is partially removed, the recovered image becomes better. Figure 9(b) shows the measured aberration at the pupil when Φ q is partially eliminated and Fig. 9(d) shows the corresponding corrected image.
For the third experimental sample, d 2 is 150 mm and d 3 250 mm. This is a general case where both Φ q and Φ d exist. The results are shown in Fig. 10 . Figure 10(a) shows the distorted field at the CCD plane that is defocused and distorted. Note that the quadratic phase term Φ q has been eliminated. The focused but distorted image is shown in Fig. 10(b) . The distorted full field at the pupil is given by Fig. 10(c) . The amplitude PSF of this system is illustrated by Fig. 10(d) . Its FT is shown in Fig. 10(e) . Subtracting Fig. 10(e) from Fig. 10(c) and taking IFT, we can get the corrected image that is shown in Fig. 10(f) . The resolution is completely recovered and the defocus is eliminated.
Conclusions
In summary, a novel correction method is proposed for the DHAO system. It is realized through the correlation between the complex full-field hologram and complex guide-star hologram. By this method, both the aberration at the pupil and the defocus of the system can be removed, which means it is not necessary to further propagate the corrected full field to the image plane, wherever the CCD is. It is worth noting that if the global phase term Φ q does exist, it has to be removed before the correlation operation. Otherwise, the aberrations cannot be correctly compensated for. Although our derivation is based on a two-lens system, the conclusion can be generalized to any optical system, if the optical aberrations of the system mainly lie at or close to the pupil plane. It generalizes the FTDHAO into arbitrary DHAO systems and provides us a guidance to design new experimental schemes for applications in AO in ophthalmology and microscopy. The measurement error of the phase aberration is due mainly to the deviation of the guide-star spot from the ideal point source. The size of the incident beam at the pupil in the first passage for the guide-star hologram is usually set to be about 2 mm in diameter to minimize the effect of the aberration and generate a sharp guide star. From simulations and experiments, this error does exist but is not severe. Also, coherent noise seems inevitable if laser is used as the light source. This can be addressed by use of low coherent light source [21, 22, 25] .
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